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You have three hours to complete this examination.

This examination consists of SIX questions.

Answer any FIVE questions.

QUESTION ONE (8 Marks)

Prince Rupert’s drops are made by dripping molten glass into cold water. A typical drop is shown in
Figure 1.

A

Figure 1: A seventeenth century drawing of a typical Prince Rupert’s drop.
Image from The Art of Glass p 354, translated and expanded from
L’Arte Vetraria (1612) by Antonio Neri.

A mathematical model for a drop as a volume of revolution uses y = (p(e_x - e_zx) for x >0, and is
1445
5

is shown in Figure 2, where ¢ is the golden ratio ¢ =
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Figure 2: A mathematical model for a drop as a volume of revolution.

(a)  Where is the modelled drop widest, and how wide is it there?

(b) The drop changes shape near B in Figure 1, where the concavity of the revolved function is zero.

2 2x _ X
Use jx); = \/a (e 26 ix ) to find the exact x coordinate of B.
ye

b
(¢) The volume formed by rotating a curve y = f(x) between x = a and x = b is given by J. ny” dx.

2
Show that the volume of the drop between x =0 and x=In(p) is V' = n_ng(p_—lj .
p

Hence or otherwise, explain why the volume of the drop is never more than some upper limit 7, , no
matter how long its tail.



QUESTION TWO (8 Marks)

This question defines four new terms related to functions and their definite integrals over a specified
interval.

1 The inner product of two continuous functions f and g over the interval a < x < b is

(1.8)' =] r@g(dx

2 The norm of the continuous function f over the intervala <x < bis

AL =710,
3 The angle 6 between two functions / and g over the interval a < x < b is given by
b
9=|<j::g>“b WhererHb =0, |lg " 20
AL kel p p

4 Two functions f and g are orthogonal over the interval a < x < b if the angle between them is g

(a) Find the exact values of k for which f(x) = kx + 1 and g(x) = x + k are orthogonal over 0 <x <1.

(b)  Consider the functions p(x) =3x —4 and g(x) =9x -5 over 0 < x <1.

Find the exact angle between the two functions.

(c) For what positive integers n and m are sin (nx) and sin (mx) orthogonal over 0 < x <2n?



QUESTION THREE (8 Marks)

(a)

(b)

A function £ is even if f(—x) = f(x) for all x in its domain.
A function fis odd if f(—x) = —f(x) for all x in its domain.

(i)  Recall that a polynomial is a function in the form p(x) = ax" + ax' + ... + a x".
Describe which polynomials are even, and which are odd, and which are neither.

(i) Suppose that g is any even differentiable function defined for all real numbers (not necessarily
a polynomial).

Use the limit definition of the derivative to prove that ag is an odd function.

Suppose y = e *sin(kx), where £ is a non-zero constant.

3
Find the values of & for which % = Cy, and hence find the value of C.



QUESTION FOUR (8 Marks)

(a) Find all the points which satisfy z”” = z, where z is a complex number, and # is a whole number
where 2 <n<09.

How many different solutions are there altogether?

(b) (1) The relativistic rocket equation is below.

Show that this equation rearranges to Av=c- tanh[gln[%n
c |m

2x
. . -1
where the hyperbolic tangent function is tanh(x) = eZX
e

+1°

(i1)) The relativistic rocket equation is derived from the following differential equation, where
u and c are constants.

-M
M _——3
c
o | 1¥¢
Show that In M = —In| —— | 1is a solution of this differential equation.

2u 1-Y
C



QUESTION FIVE (8 Marks)

(a)

(b)

A goat is tethered with a rope of length R, to a point P, due west of the end of a fence, which runs
due north. The region of grass the goat can reach is shown in Figure 3.

Figure 3: The area reached by a goat tethered near the end of a fence.

The following equation gives the area the goat can reach, 4, as a function of the angle # shown,

where OSGSg.

A(O):Zn—e

1 1 )
R’ +ZnR2(1—cost9)2 +§R2 sin@ cos O

Find the value of 8 where A(#) is minimised.

All working must be shown.

Answer ONE of the following options.
EITHER

Consider the following linear inequalities, where a is a positive constant.

x<2a

y<3a

x+y<da
Draw a non-linear objective function P(x,y) for which there are exactly two points in the feasible
region which maximise the objective function.

Justify your answer carefully.



OR

Figure 4 shows the tasks that need to be completed in painting two small rooms. Estimated
durations for the tasks are shown in brackets (in minutes).

Figure 4: Flow chart and expected durations (in minutes) of tasks for painting two rooms.

buy tidy
material rooms
| (30 R . (30) N
start prepare paint > retgrn end
0) rooms » rooms furniture 0)
>  move »  (30) (80) »  paint » (30)
furniture dries
(40) (240)

The painters realise that they could complete the job faster by working on each room separately, and
start a new plan, as shown in Figure 5.

Figure 5: Incomplete flow chart of tasks for painting two rooms.
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i furniture
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end
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7 room B room B room B room B
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Discuss how much faster the painters might complete the task, and any real-world limitations that
may restrict them.

Figure 5 is reproduced on page 27 of the answer booklet so that you can show any working.

Question Six starts
on the following page.
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QUESTION SIX (8 Marks)

(a)

(b)

By considering the expansion of (cis §)°, or otherwise, prove both of the following identities.
c0s 50 = cos>0 — 10 cos3@sin20 + 5 cos Osin*0

sin 560 = 5cos*@ sinf — 10 cos20sin36 + sin @

Answer ONE of the following options.

EITHER

A teacher sets 99 homework questions for her Calculus class each week, of three different types:
easy, difficult, and impossible. The number of questions of each type, given in week n, are
represented by x,, v, , and z, respectively.

The teacher uses the following system of linear equations to vary the number of questions of each
type given each week.

x,.;=08x +0.7y, +0.6z,
Yyr1=0.1x,+02y +04z
z,.,=0.1x, +0.1y

Her class notice that the number of questions of each type stabilises after several weeks. That is, in

the long run they notice thatx, ., =x , v, ,,=y,,and z,  ,=z.

How many questions of each type will the teacher give each week once the numbers stabilise?

OR

Use your knowledge of ellipses to sketch all points in the complex plane satisfying the following
inequalities, where £ is a positive constant.

k<|z+i|+|z—1] £2k



